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ABSTRACT. We obtain second integral moments of automorphic L—functions on adele groups G L2 over
arbitrary number fields, by a spectral decomposition using the structure and representation theory of
adele groups GL1 and GL2. This requires reformulation of the notion of Poincaré series, replacing the
collection of classical Poincaré series over GL2(Q) or GL2(Q(%)) with a single, coherent, global object
that makes sense over a number field. This is the first expression of integral moments in adele-group
terms, distinguishing global and local issues, and allowing uniform application to number fields. When
specialized to the field of rational numbers Q, we recover the classical results on moments.
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§1. Introduction

For ninety years, mean values of families of automorphic L—functions have played a central role in
analytic number theory. In the absence of the Riemann Hypothesis, or of the Grand Riemann
Hypothesis referring to general L—functions, suitable mean value results often can substitute.
Thus, asymptotics or sharp bounds for integral moments of automorphic L—functions are of intense
interest. The study of integral moments was initiated in 1918 by Hardy and Littlewood [Ha-Li],
who obtained the asymptotic formula for the second moment of the Riemann zeta-function

T
(1.1) / IC (L +it)]> dt ~ TlogT
0
Eight years later, Ingham in [I] obtained the fourth moment
T
1.2 L4 at)[* dt L T(ogT)?
(12) il at ~ g T(oeT)
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Since then, many authors have studied moments: for instance, see [At], [HB], [G1], [M1], [J1].
Most results are limited to integral moments of automorphic L-functions for GL;(Q) and G L2 (Q).
No analogue of (1.1) or (1.2) was known over an arbitrary number field. The only previously
known results for fields other than Q, are in [M4], [S1], [BM1], [BM2] and [DG2], all over quadratic
extensions of Q.

Here we obtain second integral moments of automorphic L—functions on adele groups GLs
over arbitrary number fields, by a spectral decomposition using the structure and representation
theory of adele groups GL; and GLs. This requires reformulation of the notion of Poincaré series,
replacing the collection of classical Poincaré series over GLy(Q) or GL2(Q(7)) with a single global
object which makes sense on an adele group over a number field. This is the first expression
of integral moments in adele-group-theoretic terms, distinguishing global and local issues, and
allowing uniform application to number fields. When specialized to the field of rational numbers
Q, we recover the classical results on moments.

More precisely, for f an automorphic form on GLy and x an idele class character of the number
field, let L(s, f ® x) be the twisted L—function attached to f. We obtain asymptotics for averages

(1.3) > / IL(3 +it, f@x)| My(t)dt

for suitable smooth weights M, (t). We obtain the asymptotics from the appearance of this sum
in moment expansions (3.12)

(1.4) Z/ L(s+it+v, f@x) -L(i+it, fOX) My(t)dt = Pé, - |f|?

X —o0

/ZAGLg(k)\GLz(A)

The Poincaré series Pé, has a spectral expansion, which, after an Eisenstein series is removed (see
(4.6)), has cuspidal components computed in (4.1) and continuous components computed in (4.10)
(there are no residual spectrum components). Thus, using an auxiliary function ¢ introduced in
Section 2, we have spectral expansions (see (4.8))

(15) / Pév ’f’Q = <Ev+17|f’2>/ Yoo + ZﬁF gFogvvw)L(U+%7F)<F7‘f‘2>
ZAGLQ(IC)\GLQ(A) Noo F

X0 L(v+35,X) Llv+1-35, (o—z —FE
+ Z i(() / ( X) 7(72 X) 9| ( +1/2)/ @w'WS7X7m
~ TR R(s)=1 L(QS,X ) Z 50 \Goo

2

where: F' is summed over an orthonormal basis for spherical cuspforms on GLy, E,1; is an
Eisenstein series (see (4.6)), pp = p, (1) is (in effect) the first Fourier coefficient of the cuspform F,
G is expressed in terms of gamma functions in (4.2) and (4.3), 0 is a differental idele ([W2], page
113, Definition 4) with component 1 at archimedean places, k is a volume constant (see (4.7)), and
W¥ is a normalization of Whittaker function attached to Eisenstein series (see Appendix 2).

The sum in (1.3), (1.4), and (1.5) over idele class characters y is infinite, in general. For general
number fields, (1.3) is the correct structure of the second integral moment of GLs automorphic
L—functions. This was first pointed out by Sarnak in [S1], where such an average was studied
over the Gaussian field Q(7); see also [DG2]. Section 3 shows that this structure reflects Fourier
inversion on the idele class group of the field.



INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS 3

Meanwhile, joint work [DGG2] with Goldfeld extends these ideas to produce integral moments
for GL, over number fields, exhibiting explicit kernels Pé again giving identities of the form

moment expansion = / Pé - |f|> = spectral expansion
ZuoGL,(k)\GL,(A)

for cuspforms f on GL,. The moment expansion on the left-hand side is of the form
Z / (s, f @ F)|* Mp(s)ds + ...
§R(s

summed over F' in an orthonormal basis for cuspforms on GL, _1, with corresponding continuous-
spectrum terms. The specific choice gives a kernel with a surprisingly simple spectral expansion,
with only three parts: a leading term, a sum induced from cuspforms on G L4, and a continuous
part again induced from G L. In particular, no cuspforms on GL, with 2 < £ < r contribute. Since
the discussion for GL, with » > 2 depends essentially on the GLs case, the latter merits careful
attention. Thus we give complete details for GLy here. For GLs over Q and square-free level, the
sum of moments can be arranged to have a single summand, recovering a classical integral moment

/ L (2 +it, )2 M(t) dt

As a non-trivial example, consider the case of a cuspform f on GLj3 over Q. We produce a weight
function I'(s, w, foo, Fo) depending upon complex parameters s and w, and upon the archimedean
data for both f and cuspforms F' on GLo, such that I'(s,w, foo, Fixo) has explicit asymptotic
behavior similar to that discussed in Section 5 below, and such that the moment expansion above
becomes

Pt = 3 / (5, F & F)? - T(s,w, foo, Foc) ds

/ZAGLe,(Q)\GLs(A) F on GLo R(s)=

s [ [ s @ B orw, e B, ) dsadsy

ML R(s1)=1 R(s2)=1

where
L(si —sa+1,f) - L(s1+s2—1,f)

€(2 — 282)

Here F' runs over an orthonormal basis for all level-one cuspforms on G Lo, without restriction on

k
L(si, f@ EX )=

the right K.—type. Similarly, the Eisenstein series Egk) run over all level-one Eisenstein series for
GLy(Q) with no restriction on K,—type, indexed by k.

The discussion below makes several points clear. First, our sum of moments of twists of L—
functions has a natural integral representation on the adele group, of a form insensitive to the
underlying number field. Second, the kernel for this adele-group integral arises from a collection
of local data, wound up into an automorphic form, and the computation proceeds by unwinding.
This presentation requires a reformulation of the notion of Poincaré series, replacing a weighted
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sum of classical Poincaré series for GL3(Q) or GL2(Q(7)) with a single, coherent, global object that
makes sense over a number field. Third, the ramifications of the choices of local data are subtle.
In the present treatment we take local data at finite primes so as to avoid complications away
from archimedean places. Fourth, some subtlety resides in choices of archimedean data. Good’s
original idea in [G2] for GL3(Q) can be viewed as a choice of local data for real places, which
can be improved as in the classical formulation of [DG1]. Similarly, we interpret the treatment of
GL2(Q[i]) in [DG2] as a choice of local data for complex primes.

Recipe for spectral identities involving second moments: Spectral identities involving second
integral moments of automorphic L-functions and other periods can be produced systematically, as

follows. We suppress secondary details, even where non-trivial, writing as an ad hoc device to

indicate integration against a suitable automorphic spectral measure not specified in detail. Thus,
for a reductive group © over a number field k, with center Z, write the decomposition of functions

U in L2(ZA@]€\®A) as
m:i (U, F)g - F
Fon©

where the automorphic forms F' generate irreducible representations of ©,, or nearly so. In the
discrete part of this spectral decomposition, the automorphic forms F' are genuinely orthonormal.
The more continuous part of the decomposition behaves in a less elementary fashion, although most
of it admits an explicit description in terms of Eisenstein series. We will not worry about unresolved
issues concerning the residual spectrum. Further, we imagine that this L? spectral decomposition
is extended to suitable distributions and whatever non-L? functions we need. Regularization of
implied integrals is a genuine issue, but not our immediate concern.

Let B be a subgroup of © containing Z, and let u be a left Z,0-invariant distribution on
© supported on the image Z, By\By inside Z,0;,\0,. Distributions u involving no derivatives
transverse to Zy By \ By inside Z;0\04 admit spectral expansions

u:i (u, FYp - F
F on B

Now let © be of the form © = G x G, and let Z be the center of G (rather than of ©). Let H
be a k-subgroup of G containing Z. Consider two chains of subgroups inside G x G, pictorially,

Gx@G
/! AN
HxH G~
AN /
HA

where the superscript A denotes diagonal copies, and where ascending arrows are inclusions.
Consider the left Z, Gy X ZyGg-invariant distribution v on G x G

W(fi® fo) = /Z NI /Z iR
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The spectral expansion of u along H x H has a special diagonal property, namely

u = (u, 1 @ Fo)pxna - F1 @ F, = i F®F
Fy,F> on H FonH

The diagonal feature of this expansion is completely analogous to the fact that the Fourier series
expansion of the distribution that integrates along the diagonal circle in a product of two circles
has Fourier coefficients only along the diagonal. Then

W(foFf) = yf (fOFF&F)mvn = yf , Fyal?
Fon H Fon H

The positivity of the summands is a virtue of this relation.
On the other hand, the spectral expansion of u along G* is

u-i <u,F>GA.F_§f Fy T
Fon G2
where Fg = (u, F') is the period of F along H. Thus,
wfed) =X FaUeT Fes =Y Fu- (B 15Pe
Fon GA FonG

The period non-vanishing condition Fg # 0, for F' to appear in the expansion, is non-trivial.
Equating these two expansions gives

yf (f Fynl? = u(foF) = yf Fu - (F /e

FonG

Diagrammatically, this is

(moment side) (spectral side)

yf L Fyalr —  fof Hgﬁ Fy - (F, 1fP)e
F

on H FonG
GxG
7 / AN 7
;f FQF HxH GA Fy-F
Fon H F on G2
AN /!
HA
un~1

The evaluation along H x H is especially interesting when H is an Fuler-Gelfand subgroup of
G, in the sense that restrictions from G, to H, of (possibly a restricted class of) irreducibles on
G, are multiplicity-free. This makes (f, ')y tend to have an Euler product, possibly including a
period. Thus, the left-hand (moment) side of the spectral identity is a sum (and integral) of second
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integral moments of L-functions. By contrast, the right-hand (spectral) side inevitably involves
integrals of three eigenfunctions, for automorphic forms F' with non-vanishing periods Fy.

The exponential decay of the archimedean contributions in this identity make the sums converge
too well, so u must be deformed to extract more information. Specifically, call any deformation of
the initial distribution u to a (classical, rather than generalized) function on Z{ G2 \G4 a Poincaré
series. A simple family of Poincaré series is constructed by winding up local data, created by local
deformations, as follows. Let ¢ = @), ¢, where ¢, is a left H,-invariant function on the v-adic
points G, of G. Form a Poincaré series

Pé(g) = > #(v-9)

’YEHk\Gk

To have ¢, be a classical function on GG, at non-archimedean places v, we have the option to make
an extremely simple choice
1 (forge H, K,)

eulg) =
0 (otherwise)

where K, is (maximal) compact in G,. Archimedean places do not usually allow such trivial local
deformations.

In this recipe, taking H = GL; and G = G L4y gives the L-functions L(s, f ® x) considered in
this paper, with f on GLs and grossencharacters x. Extending the GLs x GLi case, we obtain
convolution L-functions L(s, f ® F') on GL,, X GL,_; by taking H = GL,_; and G = GL,,. On
the spectral side are standard L-functions attached to F' on GL,_1, along with triple integrals
of eigenfunctions. Due to vanishing of GL,_; periods, the spectral side involves no cuspidal
data on GL, for r > 2. Rankin-Selberg convolutions for GL,, x GL, arise by taking H = GL4
and G = GL, x GL,. In the smallest case n = 2, the subgroup G* is also Euler-Gelfand
in G x GG. Rankin-Selberg L-functions given by doubling arise as follows. Let ® be a form
(orthogonal, symplectic, or hermitian) on a suitable vectorspace, and U(®) its isometry group.
Let H=U(®) x U(—®) and G = U(P & —P) and take Siegel-type Eisenstein series on G. The
period non-vanishing condition on the spectral side is again a stringent condition in this example.
Triple-product L-functions appear in at least two ways. First, one may take G = GSp3 and
H = (GLy x GLy x GL3)%, where the f means to take the subgroup where the three determinants
are equal. Take Siegel-type Eisenstein series on G. A smaller family appears by taking G = GSps
and H = (GLy x GL)", with an Eisenstein series on G with cuspidal data.

Of course, the general idea of exploiting decompositions of automorphic forms or representations
along subgroups is a main technical device in the theory of automorphic forms, and is several
decades old. Indeed, restriction and decomposition along simple inclusions A C B for Euler-
Gelfand subgroups A of groups B have been studied for decades. By contrast, consideration of
larger configurations of subgroups and iterated spectral decomposition along them is much less
clichéd, due in part to technical complications, and due also to a paucity of suggestive examples.
For us, the chief desired effect is a positivity property of a sum-and-integral of Euler products
on one side of the identity, attached to an Euler-Gelfand subgroup H of G. Our recipe above
accomplishes this for arbitrary inclusions H® ¢ H x H and G® C G x G, regardless of whether
these diagonals are Euler-Gelfand subgroups. It may be that Reznikov’s notable recent work [R] is
the only other current example of systematic use of iterated spectral decompositions along larger
configurations of subgroups. Given the scope of possibilities in considering the spectral theory of
large configurations, it is not surprising that [R] offers a somewhat different recipe, under somewhat
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different hypotheses, achieving somewhat different ends than we have indicated here. Leaving a
more detailed comparison and systematization to the interested reader, we take the viewpoint
that, in any case, our present discussion and that of [R] offer persuasive evidence for the utility of
iterated spectral decompositions in large configurations of subgroups.

The structure of the paper is as follows. In Section 2, integral kernels we call Poincaré series
are described in terms of local data, reformulating classical examples in a form applicable to GL,
over a number field. In Section 3, the integral of the Poincaré series against |f|? for a cuspform
f on GLs is unwound and expanded, yielding a sum of weighted moment integrals of L—functions
L(s, f ® x) of twists of f by idele class characters x. In Section 4, the spectral decomposition of
the Poincaré series is exhibited: the leading term is an Eisenstein series, and there are cuspidal
and continuous-spectrum parts with coefficients which are values of L—functions. In Section 5, an
asymptotic formula is derived for these integral moments. We note there that the length of the
averages involved is amenable to subsequent applications to convexity breaking in the t—aspect. The
first appendix discusses convergence of the Poincaré series in detail, proving pointwise convergence
and L? convergence. The second appendix computes integral transforms necessary to understand
some details in the spectral expansion.

For the most immediate applications, such as subconvexity, refined choices of archimedean data
must be combined with the generalization [HR] of [HL], invoking [Ba], as well as an extension of
[S2] (or [BR]) to number fields. However, for now, we content ourselves with laying the groundwork
for applications and extensions. In subsequent papers we will address the extension of the identity
to GL,, and consider convexity breaking in the t—aspect.

§2. Poincaré series

Let k be a number field, G = GL, over k, and define standard subgroups:

R { <<r OB > }

U:{(Iro—l 1‘)} H:{(“‘l)'%y'(r_l) ?)} 7 = center of G

Let K, denote the standard maximal compact in the k,—valued points G, of G.
The Poincaré series Pé(g) is of the form

(2.1) Pé(g) = > »(19) (g9 € Ga)

YEZKHp\Gr

for suitable functions ¢ on G, described as follows. For v € C, let

where for v finite

0

v A
‘(detA)/dr_l‘V forg-mkwithm-(o J

) € Z,H, and k € K,
(23)  wulg) =

0 otherwise
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and for v archimedean require right K,—invariance and left equivariance

v

det A

(2.4) ¢u(mg) = a1

’ @V(g) (fOI‘ g€ G, and m = <61 2) € ZVHV)

v

Thus, for v|oco, the further data determining ¢, consists of its values on U,. The simplest useful
choice is

L1
(25) o0 (Iro 1 f) = (Ul o) = [ ) andw, e C
Lpr—1
with d, = [k, : R]. Here the norm |z1|?> + --- + |z,_1|? is invariant under K, that is, | - | is the

usual absolute value on R or C. Note that by the product formula ¢ is left Zy Hy—invariant.

Proposition 2.6. (Apocryphal) With the specific choice (2.5) of Yoo = @pjoo Pu, the series (2.1)
defining Pé(g) converges absolutely and locally uniformly for R(v) > 1 and R(w,) > 1 for all v|co.

Proof: In fact, the argument applies to a much broader class of archimedean data. For a complete
argument when r = 2, and w, = w for all v|oo, see Appendix 1. [

We can give a broader and more robust, though somewhat weaker, result, as follows. Again, for
simplicity, take r = 2. Given ¢, for z in ko =[], kv, let

,/|oo vy

Do () = ¥oo (é f)

For 0 < ¢ € Z, let £y be the collection of ¢, such that the associated @, is absolutely integrable,
and such that the Fourier transform ®, along k., satisfies the bound

Too(z) < JT (1+ |zf,)~"

v|oo

For example, for ¢, to be in €y it suffices that @, is £+ 1 times continuously differentiable, with
each derivative absolutely integrable. The simple explicit choice of @, above lies in , for every
¢ > 0, when R(w,) > 1 and R(v) > 1 for convergence.

Theorem 2.7. (Apocryphal) Take r = 2, R(v) > 3, £ > R(v) + 5, and v € Q. The series
defining Pé(g) converges absolutely and locally uniformly in both g and v. Furthermore, up to an
Fisenstein series, the Poincaré series is square integrable on ZyGp\Ga.

Proof: See Appendix 1. [J

We do not claim that the lower bounds are the best possible, but only that they arise as artifacts
in the natural argument given in Appendix 1. The precise Eisenstein series to be subtracted from
the Poincaré series to make the latter square-integrable will be discussed in Section 4 (see formula
4.6). For our special choice (2.5) of archimedean data, both these convergence results apply with
R(w,) > 1 for v|oco and R(v) large.

A monomial vector ¢ as in (2.2) described by (2.3) and (2.4) will be called admissible when
Yoo € Qy, with R(v) > 3 and ¢ > R(v) + 5.
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§3. Unwinding to an Euler product

Unlike classical contexts, where the Euler factorization of a Dirichlet series is visible only at the
end, the present construction presents us with an Euler product almost immediately. From now
on, take r = 2, so G = G Ly over a number field k, and

() R )| S ) EReram ()

For a place v of k, let K, be the standard maximal compact subgroup. That is, at finite places
K, = GLy(0,), at real places K, = O(2), and at complex places K, = U(2).

Using the Poincaré series defined by (2.1), we unwind a corresponding global integral and express
it as an inverse Mellin transform of an Euler product. This produces a sum over Hecke characters
of weighted integrals of corresponding L—functions over the critical line. Recall the definition

(3.1) Pé(g) = D o9 (g € Ga)
YEME\Gr

where the monomial vector
o= e
is
Xov(m) for g=mk, me M, and k € K,

(for v finite)
0 forge M, - K,

62 el - {

and for v infinite, we do not entirely specify ¢,, only requiring the left equivariance
(3.3) oy (mnk) = xo,.(m) - @, (n) (for v infinite, m € M,, n € N, and k € K,)

Here, xo,, is the character of M, given by

v a 0
V <m—<0 d)EMV,UG(C>

Then xo = @), X0, is Mj—invariant, and ¢ has trivial central character and is left My—equivariant
by xo. Note that for v infinite, the assumptions imply that

1 =z
(o 1)
is a function of |z| only.

Let f; and f5 be cuspforms on G. Eventually we will take f; = f5, but for now merely require
the following compatibilities. Suppose that the representations of G, generated by f; and f5 are
irreducible, with the same central character. At all v, require that f; and fo have the same right
K, —type, that this K,—type is irreducible, and that f; and fo correspond to the same vector in
the K—type, up to scalar multiples. Schur’s lemma assures that this makes sense, insofar as there

(3.4) Yo (m) = |5
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are no non-scalar automorphisms. Last, require that each f; is a special vector locally everywhere
in the representation it generates, in the following sense. Let

(3.5) fil) = D W)
EE€EZK\ My,
be the Fourier expansion of f;, and let
= & Wi
v<oo

be the factorization of the Whittaker function Wy, into local data. By [JL], we may require that
for all v < oo the Hecke—type local integrals

/Wfi’l’(g (1)> \a|,5f%da

a€ky)

differ by at most an exponential function from the correct local L—factors for the representation
generated by f;.
Suppressing some details in the notation, the integral under consideration is

(3.6) I(xo) = /Z o PE) (o) Flo) do

For x¢ (and archimedean data) in the range of absolute convergence, from the definition of the
Poincaré series, the integral unwinds to

/ o(9) f1(9) Falg) dg
Zy M \Ga

fl(g) = Z Wfl(é-g)

£€ZK\ My,

Using the Fourier expansion

this further unwinds to

(3.7) /Z \G ©(9) Wy, (9) f2(g) dg

Let J be the ideles, let C be the idele class group J/k* = GL;(A)/GL1(k), and let C be the
dual of C. By Fujisaki’s Lemma (see Weil [W1], page 32, Lemma 3.1.1), the idele class group C
is a product of a copy of (0,00) and a compact group Cy. By Pontryagin duality, C ~ R x Cy
with @0 discrete. For any compact open subgroup Ug, of the finite-prime part in Cj, the dual of
Co/Ugpy, is finitely generated with rank [k : Q] —1. On C the spectral decomposition (Fourier-Mellin
inversion) for a suitable function F' is

(3.8) // y)dy x "' (z) dx
- / | P @l dy @)l s

X ECO R(s)=c
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for a suitable Haar measure on C.
For v infinite and s € C, let

Ko (5, Xows Xo) = / / o (M)W, o (1)
ZU\MVNV Z,,\M,,

(3.9) W () Yo () [ 52 o ()™ |y 3 diml, dn, dim,
and set
(310) ICOO(Sv X0 X) = H ICU(87 X0,v Xl/)

v|oo

Here xo = @), Xo,» is the character defining the monomial vector ¢, and x = @, x» € 60. For
admissible o, the integral (3.9) converges absolutely for R(s) sufficiently large. We are especially
interested in the choice

—w
2

1 z

(1+2?%) for v|oo real, and n = eN,
0 1

(3.11)  ¢u(n) = (v, w e C)

—w 1 =z
(14 (zx)) for v|oco complex, and n = (0 1) €N,

The monomial vector ¢ generated by this choice is admissible for R(w) > 1 and R(v) > 3 (see
Appendix 1), and in Section 5 will yield an asymptotic formula for the G L5 integral moment over
the number field k. The main result of this section is

Theorem 3.12. For ¢ an admissible monomial vector as above, for suitable o > 0,

/ Pé-fi-fo = I(xo) = Y L / L(1—s+wv, fi®X) L(s, f2@ x) Koo (s, X0, X) ds
ZnGr\Ga

27
x€Co R(s)=0

For a finite set of places S including archimedean places, all absolutely ramified primes, and all
finite bad places for f1 and fa, the sum is over a set Cy s of characters unramified outside S, with
bounded ramification at finite places, depending only upon fi and fs.

Proof: Let J be the ideles of k. Via the identification

H\Hy = {(% 2) :a’EJ/kX}%C

for a Hecke character x and for a € JJ, write

x(8 2) = x(a)

Applying (3.8) to fo and using the Fourier expansion

f9) = ) Wp(€g)

E€ZK\ My,
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the integral (3.7) is

/ZA\GA\ o(g) Wy, (9) </6 /Hk\HA Fa(m'g) x(m') dm dX) d

= /A /Z o ©(9) Wi, (9) > Wy, (&m'g) x(m') dm’ dg | dx

c H\Hs ¢ep,

= /A (/ ©0(9) Wy (9) / W, (m/g) x(m') dm/ dg> dx (identifying Hy = J)
C Zi\Ga Hy

The interchange of order of integration is justified by the absolute convergence of the outer two
integrals, from the rapid decay of cuspforms along the split torus.

For fixed f; and f5, the finite-prime ramification of the characters y € C is bounded, so there
are only finitely many bad finite primes for all the x which appear. In particular, all the characters
X which appear are unramified outside S and with bounded ramification, depending only on f;
and fo, at finite places in S. Thus, for v € S finite, there exists a compact open subgroup U, of o}
such that the kernel of the v** component Yy, of x contains U, for all characters y which appear.

Since f; and fs generate irreducibles locally everywhere, by uniqueness of Whittaker models
[JL], the Whittaker functions Wy, factor

Wi, ({gy 1 v < oo}) =IL Wy, . (9v)

Therefore, the inner integral over Z,\G, and J factors over primes, and

I(x0) = /Jb </ / @u(90) Wi (90) W g (mi,90) X (m),) dims, dgu> dx
c Z\G, JH,
Suppress the reference to the place v to write the v*" local integral more cleanly, as

/Z\G /H p(9) W, (9) W, (m'g) x(m') dm' dg

Take v finite such that both f; and f, are right K, —invariant. With a v-adic Iwasawa
decomposition g = mnk with m € M, n € N, and k € K, the Haar measure is d(mnk) = dm dn dk
with Haar measures on the factors. The integral becomes

/ / o(mn) Wy, (mn) W g, (m'mn) x(m') dm’ dn dm
Z\MN JH
Use representatives H for Z\M. To symmetrize the integral, replace m’ by m’m~! to obtain
[ otimn) W, (mm) W, o) ') o)~ i
HN JH

The Whittaker functions Wy, have left N-equivariance

Wy, (ng) = ¢(n) Wy, (g) (fixed non-trivial )



INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS 13

SO
Wy, (mn) = Wy, (mnm_l m) = w(mnm_l) Wy, (m)

Thus, letting
X(mm') = [ (o) (™) '™
N

the local integral is

/H /H xo(m) Wi, (m) W s, (m") x(m') X~ (m) X (m, m’) dm’ dim

We claim that for m and m/ in the supports of the Whittaker functions, the inner integral X (m,m’)
is constant, independent of m, m/’, and it is 1 for almost all finite primes. First, p(mn) is 0, unless
n € M- KN N, that is, unless n € N N K. On the other hand,

lmnm ™) - Wy, (mk) = $(mnm™") - Wy, (m) = Wy, (mn) = Wy, (m) ~ (for n € NNK)

Thus, for Wy, (m) # 0, necessarily ¢(mnm~') = 1. A similar discussion applies to Wy,. So, up to
normalization, the inner integral is 1 for m, m’ in the supports of Wy, and Wy,. Then

/ / xo(m) W, (m) W g, (m") x(m’) X~ (m) dm. dm’
HJH

= [ o x ) W) dm- [ o) W o i

=L,(xo x| 122 f1) - Lu(xwl - 1% fo)

e., the product of local factors of the standard L—functions in the theorem, up to exponential
functions at finitely many finite primes, by our assumptions on f; and fs.

For non-trivial right K—type o, the argument is similar but a little more complicated. The key
point is that the inner integral over N (as above) should not depend on mk and m'k, for mk
and m’k in the support of the Whittaker functions. Changing conventions for a moment, look at
V,—valued Whittaker functions, and consider any W in the v** Whittaker space for f; having right
K—isotype o. Thus,

W(gk)=0(k)-W(g) (forge Gandke€ K)

For ¢o(mn) # 0, again n € N N K. Then
o(k) - p(mnm™) - W(m) = W(mnk) = o(k) - W(mn) = o(k) - o(n) - W(m)

where in the last expression n comes out on the right by the right oc—equivariance of W. For m
in the support of W, o(n) acts by the scalar )(mnm=1) on W(mk), for all k € K. Thus, o(n)
is scalar on that copy of V,. At the same time, this scalar is o(n), so is independent of m if
W (m) # 0. Thus, except for a common integral over K, the local integral falls into two pieces,
each yielding the local factor of the L—function. From Schur orthogonality, the common integral
over K is a constant, non-zero since the two vectors are collinear in the K—type. [

At this point the archimedean local factors of the Euler product are not entirely specified. The
option to vary the choices is useful in applications.
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§4. Spectral decomposition of Poincaré series

Now spectrally decompose the Poincaré Pé series defined in (3.1). Throughout this section,
assume that ¢ is admissible in the sense given at the end of Section 2. We shall see that Pé(g)
is not generally square-integrable. However, by choosing the archimedean part of the monomial
vector ¢ to have enough decay, and by subtracting an obvious Eisenstein series, the remainder is
in L? and has sufficient decay so that its integrals against Eisenstein series converge absolutely,
by explicit computation. In particular, when the archimedean data is specialized to (3.11), the
Poincaré series Pé(g) has meromorphic continuation in the variables v and w: this follows from the
spectral decomposition, from the meromorphic continuation of the spectral fragments, and from
standard estimates on the aggregate. See [DG1], [DG2] when k = Q, Q(7).

Let k be a number field, G = GLsy over k, and w a unitary character of Z;\Zs. From [GGPS],
[GJ], or [Gol] and [Go2], recall the decomposition

L*(ZyGip\Ga, w) = L2, (ZaGi\Ga, w) & L2

cusp cusp

(ZuGi\Ga, w)*t

where L?(ZyGi\Gy, w) is L? functions with central character w, and where L2 . (ZyGr\Ga, w)

cusp
is L? cuspforms with central character w. The orthogonal complement to cuspforms consists of
one-dimensional representations (the residual spectrum here) and integrals of Eisenstein series:

L2, (ZoGip\Ga, w)*t ~ {1 — dimensional representations}

cusp
&)
v / &) md%! (x. 6,/%) dx
(CLNGL ()"

where ¢ is the modular function on Py, and the isomorphism is via Eisenstein series. Using this,
with central character w trivial for our Poincaré series, explicitly decompose the Poincaré series as

Pé = Eisenstein series + discrete part 4+ continuous part

The projection to cuspforms is straightforward componentwise:

Proposition 4.1. Let f be a cuspform on Gy generating a spherical representation locally
everywhere, and suppose f corresponds to a spherical vector everywhere locally. In the region
of absolute convergence of the Poincaré series Pé(g), the integral

/ f(g) Pé(g) dg
ZyGr\Ga

is an BEuler product. At finite v, the corresponding local factors are L, (xo.. | - 11//27 f), up to
multiplicative constants depending on the set of absolutely ramified primes in k.

Of course, the spectral decomposition of a right Ka—invariant automorphic form only involves
everywhere locally spherical cuspforms. Thus, the following computations can ignore holomorphic
discrete series and non-spherical principal series representations.

Proof: The computation uses the same facts as did the Euler factorization in the previous section.
From the Fourier expansion

flg) = > W)

E€EZ K\ My,
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unwind

=11 (/Z \G Wu(gu)%(gu)dgy>

v

where the local Whittaker functions at finite places are normalized as in [JL] to give the correct
local L—factors.

At finite v, suppressing the subscript v, the integrand in the v*® local integral is right K, —
invariant, so we can integrate over Z\MN ~ HN with left Haar measure. The v*® Euler factor
is

[ W) ptomn) dmn = [ [ B W) o) o)

for all finite primes v. The integral over n is

/N B(mnm 1) p(n) dn

For ¢(n) to be non-zero requires n to lie in M - K, which further requires, as before, that n € NNK.
Again, W (m) = 0 unless
m(NNK)m™'c NNnK

The character % is trivial on N N K. Thus, the integral over N is really the integral of 1 over
N N K. Thus, at finite primes v, the local factor is

/H W(m) xo(m)dm = L,(% +v,, F) 0

Let ¢ be given by (3.11). Take R(v) > 1 and R(w) > 1 to ensure absolute convergence of Pé(g),
by Proposition 2.6. The local integral in Proposition 4.1 at infinite v is

/ Wolgv) eu(gy) dgy = Gu(% +ifl,,; v, w)
Z,\G,

where, up to a constant, at real places v

I (5721 (2= 1 (spe)r (sbupact)

NENCEEY

(4.2) Gu(s;v,w) =7""

and at complex places v

oy v+ 1=s)Tv+w—s) v+ s)'(v+w+s—1)

(4.3) Gu(s;0,w) = (27) T'(w)L(2v + w)

In these expressions iu,, and —iu,  are the local parameters of the spherical principal series
representation generated by f at v. That these integrals are ratios of products of gamma functions
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is an elementary computation: see [DG1] for the real case and [DG2] for the complex case, invoking
uniqueness of local Whittaker models.

In these spherical cases, the Whittaker functions are readily expressible in terms of the classical
K-Bessel functions, as

W (a ) B |a|1/2Ki'“’f,u (2wlal) (for v =~ R)
v 1 |a] ngf,u (4r|al) (for v ~ C)

Having computed the integrals (Pé, F') of the Poincaré series against cuspforms F', with respect
to an orthonormal basis {F'} of everywhere locally spherical cuspforms, the cuspidal part of the
spectral decomposition of the Poincaré series should be

Z(Pé7F>'F = Z ﬁFQFoo(v,w)L(v—i—%,F)-F

F

where the archimedean factors are grouped together as

gFOO(U7w) - H gV(% —"_iﬂF,y;U’w)

v|oo

with G, as in (4.2) and (4.3) for each F', with all ambiguous constants at infinite places absorbed
into p,. Traditionally, the constant p,. is denoted by p,.(1), referring to its appearance as the first
classical (numerical) Fourier coefficient of F'. As mentioned at the beginning of this section, and as
demonstrated shortly, a modified form Pé* of the Poincaré series Pé(g), obtained by subtracting a
suitable Eisenstein series, is L2. From this it will follow that the above spectral sum is the discrete
L? part of Pé.

Since Pé" is square-integrable for R(w) and R(v) large, the sum of projections to cuspforms
is certainly convergent in L? for such v,w. In fact, for arbitrary v, w, the sum of projections to
cuspforms converges. In essence, the convergence follows from the fact that pp - G, (v,w) has
exponential decay in the archimedean parameters of F'. To see this, consider the usual integral
representation, against an Eisenstein series, of the completed G Lo x G Ly Rankin-Selberg L—function
A(s, F®F) from [J]. For the general case of GL,, x GL,,, see the literature review in [CPS2]. Taking
the residue at s = 1 gives

residue of Eisenstein series = [p,.|* - Loo(1, F ® F) -ReisL(s,F ®F) (with |F|g2 = 1)
s=

The constant on the left is manifestly independent of F. The local factors of the finite-prime
L-function L(s, F ® F) on the right obtained from the integral representation differ from those
of the correct convolution L—function obtained from the local theory at only absolutely ramified
primes in k, and the discrepancies are readily estimated. This gives

2 residue of Eisenstein series

 Lo(lL,LF®F)- Res L(s, ' @ F)
sS=

10

Comparing L. (1, F ® F) with G,. (v, w) using Stirling’s formula, the ratio

|Gr. (v, w)]
|Loo(1, F @ F)|/2
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has exponential decay in the archimedean parameters of F. Although it is far more than we
need, a sharp lower bound for the residue at s = 1 can be obtained by combining [HR| and [Ba).
Finally, a routine convexity bound implies that L(% + v, F) grows at worst polynomially in the
archimedean data of F'. The number of cuspforms with archimedean data within a given bound
grows polynomially, from Weyl’s Law [LV], or from the upper bound of [Do]. Thus, the spectral
sum is absolutely convergent for (v, w) € C?, except for the poles of G . (v, w).

For the remaining decomposition, subtract (as in [DG1], [DG2], in a classical setting) an
Eisenstein series from the Poincaré series, leaving a function in L? with sufficient decay to be
integrated against Eisenstein series. The correct Eisenstein series to subtract is visible from the
dominant part of the constant term of the Poincaré series, as follows. Write the Poincaré series as

Pé(g) = > el = Y. > @Br9)
YEME\Gr YEP\Gr BEN
By Poisson summation

(4.4) Pé(g) = D Yo P

YEPL\Gr PE(NK\Na)™

where p4(n) = ¢(ng), and @ is the Fourier transform along Ny. The trivial-¢ (that is, with ¢ = 1)
Fourier term

(4.5) Y. Pl

YEPL\Gy

is an Eisenstein series, since the function

g — By(1) = /N o(ng) dn

is left My—equivariant by the character dxg, and left Ny—invariant.
For € € My,

Peg() = . (n) p(nég) dn
= | Pm)e-&nE-g)dn = [ P(EnE) o(n-g)dn = Py(v°)
Ny Ny

where ¥¢(n) = ¥ (én&~1), by replacing n by éné 1, using the left M —invariance of ¢, and invoking
the product formula to see that the change-of-measure is trivial. Since this action of Z;\Mj is
transitive on non-trivial characters on Nji\Na, for a fixed choice of non-trivial character v, the
sum over non-trivial characters can be rewritten as a more familiar sort of Poincaré series

Z Z 9579(1/’/) = Z Z @vgwg)

YEPL\Gr ' €(Nk\Na)™ YEP\Gr E€Zi\ My

= Z Z 9/5679 (V) = Z @'yg ()

YEPL\Gr EE€Zp\ My YEZR N \G
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Denote this version of the Poincaré series, with the Eisenstein series subtracted, by

(4.6) Pé*(g) = Z Pyg(¥) = Pé(g) — Z Prg(1)

YEZR Np\G YEPL\Gy
Remark: With (4.6), the square integrability of the Poincaré series in Theorem 2.7 is that, for ¢
admissible, the modified Poincaré series Pé"*(g) is in L?*(ZsGr\Ga).

Now we describe the continuous part of the spectral decomposition. At every place v, let n,
be the spherical vector in the (non-normalized) principal series Indgu” Xv, with n,(1) = 1. Take
N =@, <. M- The corresponding Eisenstein series is

Exg) = > 10

YEPL\Gy

For any left Z,Gr—invariant and right Ky—invariant square-integrable F' on G, write

(F,Ey) = / F(g) Ex(g) dg
ZuGi\Ga

With suitable normalization of measures,
continuous-spectrum part of F©' = / (F,E,) E, dx
R(X)=5%
Explicitly, let
(4.7) # = meas(J' /k*)

where the measure on J! /k* is the image of the measure v on J defined in [W2], page 128. From
[W2], page 129, Corollary, the residue of the zeta-function of k at s =1 is

K

Res (k(s) = -

where Dy, is the discriminant of k. Then,

1
continuous-spectrum part of F = 1 Z / (F,Es ) - Es ds

where the sum is over all absolutely unramified characters y € 60. Here E, , = E, |.]s. In general,
this requires the isometric extension to L? of integral formulas that do not converge on all of L2,
but do converge on the dense subspace of pseudo-Eisenstein series with compactly supported data,
as in [Go2], for example.

In our situation, Pé*(g) is smooth and it and its derivatives are of sufficient decay for R(w) and
R(v) large, so the integrals against Eisenstein series, with parameter in a bounded vertical strip
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containing the critical line, converge absolutely. For the same reasons, the continuous part of its
spectral decomposition converges: this will be explicit in the computations below.

There is no residual spectrum component since residual automorphic forms on GLo are
associated to one-dimensional representations, which have no Whittaker models. Thus, by Theorem
2.7 (see also the remark above), by Proposition 4.1 and (4.6), with respect to an orthonormal basis
{F} of everywhere locally spherical cuspforms, there is the spectral decomposition (with no residual
component)

(19 pe = ([ o) Bun + 7, Grdou) Lo+ 1. F) - F
Neo F

1 .
+ > / (P& By ) - Eqy ds

4k
X w(s)=1

where E; is E5 ;. To compute the pairing (Pé", E; ,) in the continuous part, first consider an
Eisenstein series

E(g) = Y. n(19)

YEPL\Gr

for n left Py—invariant, left My—equivariant and left Ny—invariant. The Fourier expansion of this
Eisenstein series is

Eg = 3 /N T Blng) dn

YE(NE\Na)™

For a fixed non-trivial character 1, the ¥** Fourier term is

\/]Vk\NA (n) E(ng) dn :/Nk\NA ¥(n) Z n(yng) dn

YEPL\Gy

(n) n(wng) dn

’LUGPk;\Gk/Nk /(Nk ﬂw—lPkw)\NA\

= / w(n)n(ng)dn + P(n) n(wong) dn
N\ Ny Ny

=0+ ¥(n) n(wong) dn (where w, = <(1) é))
Ny

because 1) is non-trivial and 7 is left Ny—invariant. Denote the 1'" Fourier term by

(4.9) WE(g) = WE,(g) = /N B(n) n(wsng) dn
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Proposition 4.10. Fiz s € C with R(s) > 1, and let poo € Qp with R(v), £ sufficiently large.
Then

_ L 5.v)- L 1—35 _
<Pé*, Es X> _ Y(a) / Poo - WSE - (U + S, X) _(32_‘_ S, X) . |D|—(v—s+1/2)
’ Z.\G X L(25,%x%)

where 0 is a differental idele ([W2], page 113, Definition 4) with component 1 at archimedean
places.

Proof: Fix non-trivial ¢ on Ni\Ns. For R(v) and ¢ both large, the modified Poincaré series
Pé*(g) has sufficient (polynomial) decay, so that we can unwind it to obtain (see (4.6))

(4.11) / §(9) Banx(g)dg = / / By (0) B (ng) dndg
ZAGk\GA ZANA\GA Nk\NA

- [  aw / U Een(ng)dndg = [ 3,(6) W7, (9)dg
ZyNa\Ga Ni\Na ZyNy\Ga

Since
Po(w) = [ ¥(n)p(ng)d
Ny
the last integral in (4.11) is
— —FE

/ 0n) olng) Wh(ydndg = [ [ p(ug) W (ng) dndg

ZyNy\Gap v Ny ZyNy\Gy J Ny
(4.12) =/ o(9) W (9) dg

ZA\\GA\

The Whittaker function of the Eisenstein series factors over primes, into local factors depending
only upon the local data at v,
® W 7X7

Thus, by (4.11) and (4.12),

<Pé*7ES7X> = </ Poo - s X oo)
Z oo \Goo

At finite v, using an Iwasawa decomposition and the vanishing of ¢, off M, K, (see (3.2)), as
in the integration against cuspforms, the local factor is

u—" a
/ v ( 1) da

However, for Eisenstein series, the natural normalization of the Whittaker functions differs
from that used for cuspforms, instead presenting the local Whittaker functions as images under
intertwining operators. Specifically, define the normalized spherical vector for data s, x, to be

H /Z fx ,(9v) dgy

v<oo

o (pk) = |a/d|3 - x.(a/d) (for p= (“ ;) eP,and k€ K)
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The corresponding spherical local Whittaker function for Eisenstein series is the meromorphically
continued integral (see (4.9))

WE, () = /N ) muwong) dn

The Mellin transform of the Eisenstein-series normalization WSEX , is readily compared to the

Mellin transform of the usual normalization as follows. Let 9, € kS be such that
(05)" 1 =2,-0,

Let 0 be the idele with v*" component 0, at finite places v and component 1 at archimedean places.
Then for finite v the v*" local integral is (see Appendix 2 for details),

v 7 E a O LV(U + 5,?,,) : LI/(U +1- s, XV) —(v+1-3) —
/X a2t Wy, <0 1> da = Po,[;/*- RS o IR, 0,)

v

and the proposition follows. [
Accordingly, the spectral decomposition (4.8) is

(4.13)

pPé = </ 9000>'E”u+1 +Z (/ ‘Poo'WF,oo)'L(v"’_é,F)'F
Noo I Zso\Goo

e (] , Lo+1=5%) Lo+ 5%) - vre
o WE ’ 2 o~ wts=12) LB d
+Z 4miK ZM\GOC(’D 1=8,X, 00 L(2 - 25,%?) [ x 4s

X R(s)=4

where we replaced 5 by 1 — s, for ®(s) = 3, to maintain holomorphy of the integrand. The
archimedean-place Whittaker functions can be expressed in terms of the usual K—Bessel function
as follows. Let

Ny (nmk) = ns ,(nmk) = |a/d|;, <for neN,, m= <a d> eM,, ke K,,)
The normalization of the Whittaker function is

Wfl,(g) = /N b, (n) n, (wong) dn (for R(s) > 0 and fixed non-trivial 1)

Then, for v archimedean and fixed non-trivial character v , on k,

E a s
Ws,l/ ( > / 1/)0 1/ d$ — |a| / 7/10 l, ‘1 +IL':EL|V dx

by replacing x by ax, where ¢ is the complex conjugation for v = C and the identity map for v = R.
The usual computation shows that

wE (¢ :W/OO —n(t+3)lal pa-3 B _ 2]al'? K _1/5(27]al)
s, R 1 ’/T_SF(S) n W_SF(S)

aa* +xxt|,
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and, similarly (with the classical measure doubled, as in Iwasawa-Tate theory)

WE, a _ 7|a] /Oo o 2m(t+)lal y25—1 dt _ 2\a|ng,1(47r\a|)
’ 1 (2m)=25T(2s) Jo t (2m)=25T(2s)

To simplify the integral over Z,,\G in the continuous part of (4.13), let

D,(x) =p, <(1) f) (for v archimedean)

Using the right K, —invariance and an Iwasawa decomposition,

(4.14) / Oy - WSEV = / / la|) @, (x) WSEV (a ) Yo, v (ax) dz da
Z\G ’ kX Jk, ’ 1

= [ lal @@ wE, ( ) da
kX ’ 1

v

For x € Co absolutely unramified, we have WS]?X,V = Wﬂitwy, where ¢, € R is the parameter of
the local component x, of x. Then all archimedean integrals in the continuous part of the spectral
decomposition of Pé* are given by (4.14) with s replaced by 1 — s —it,,.

In particular, for ¢, specialized to (3.11),

g”(S;Ii)(’l;)) ifr~R
sI'(s
(4.15) / o, - WE = T

Zu\Gy ’ G (330, w) for v = C

(2m)—25—1T(2s)
where G, (s;v,w) is given in (4.2) and (4.3). Furthermore, with these choices of ¢,,

r(“5)
fi ~R
(4.16) /% _ )T T(ey
N 2 (w—1)"1 ifv~C

As usual, let 71 and ro denote the number of real and complex embeddings of k, respectively.
Following [DG1], Proposition 5.10, we now prove

Theorem 4.17. Let ¢ be as in (3.11). Then the Poincaré series Pé(g) has meromorphic
continuation to a region in C? containing v = 0, w = 1. As a function of w, for v = 0, it
is holomorphic in the half-plane R(w) > 11/18, except for w = 1 where it has a pole of order
r1+re+ 1.

Proof: Let Pé o, and Pé7,, be, respectively, the discrete and continuous parts of Pé". Then the

spectral decomposition (4.13) is

Pé = R(w)- Eyp1 + Péle, + Péloy (where R(w) :/ cpoo>
Noo
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*
cusp

the integral being computed by (4.16). As in the proof of Proposition 4.1, the series giving Pé
Y 7eGe (vw) L+ 4, F)- F
F

converges absolutely for (v,w) € C2?, away from the poles of G, (1 + ifi,;v,w). The fact that
Pésp is equal to this spectral sum follows from the square integrability of Pé" for R(w) > 1
and large R(v) (see Theorem 2.7, (4.6) and Appendix 1). Furthermore, using (4.2), (4.3) and the
Kim-Shahidi bound for the local parameters [J(iu, )| < 1/9 (see [K], [KS]), the cuspidal part
Pé.,sp is holomorphic for v = 0 and R(w) > 11/18.

Estimates for the continuous part are easier than those for the cuspidal part: the most delicate
feature, the Siegel-zero-type estimates from [HR], are replaced by the easier de la Vallée-Poussin or
Hadamard-type lower bounds for GL; L—functions on $(s) = 1, and by trivial convexity bounds
for the L—functions in the numerator. Thus, the integrands in the integrals in (4.13) have enough
decay in the parameters to ensure absolute convergence of the integral and sum over x. Also, note
that P&}, is holomorphic for R(v) > % and R(w) > 1. Aiming to analytically continue to v = 0,
first take R(v) = 1/2 4 &, and move the line of integration from o = 1/2 to 0 = 1/2 — 2¢. This
picks up the residue of the integrand corresponding to x trivial, due to the pole of (ix(v + s) at

v+ s =1, that is, at s = 1 — v. Its contribution is

1
Q(U;va) ’ ‘D|1/2 ! |0|_1/2 : El—v = 5 Q(U;U’w) ' El—v

N | =

where
Qls;v,w) = / oo WE
Zoo\Goo ’

*

is the ratio of products of gamma functions computed by (4.15). This expression of Pé. .

holomorphic in v in the strip

¢ 1S

1 1
§—€§§R(v)§§+€

Now, take v with ®(v) = 1/2 — ¢, and then move the vertical integral from o = 1/2 — 2¢ back
to o = 1/2. This picks up (—1) times the residue at the pole of (;(v+1—s) at 1, that is, at s = v,
with another sign due to the sign of s inside this zeta function. Thus, we pick up the residue

Ck(2v) (o (2 — 2v)
Ck(2 —2v) (oo (20)

where the last identity was obtained from the functional equation of the Eisenstein series F,. Since
G, (s;v,w) defined in (4.2) and (4.3) is invariant under s — 1 — s, it follows by (4.15) that the
above residues are equal. Note that the part of Pé}_ , corresponding to the vertical line integral
and the sum over x is now holomorphic in a region of C? containing v = 0, w = 1. In particular,
for v = 0, this part of the continuous spectrum is holomorphic in the half-plane ®(w) > 1/2.

On the other hand, by direct computation, the apparent pole of R(w)E, 1 at v = 0 (independent
of w) cancels the corresponding pole of Q(v;v,w)FE;_,. To establish that the order of the pole
at w = 1, when v = 0, is r1 + 3 + 1, consider the most relevant terms (recall (4.15), (4.16)) in
the Laurent expansions of R(w)FE,+1 and Q(v;v,w)E;_,. Putting them together, we obtain an

expression

162(1_7);,071*0)'

.072v+1.E’U:
ol !

1
5@(1—11;%“))' By

1 C1 Co

v [(w—1)"Fr2 (20w — 1)t
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for some constants c1, co. As there is no pole at v = 0, we have ¢; = ¢3. Canceling the factor 1/v,
and then setting v = 0, the assertion follows.
This completes the proof. [

§5. Asymptotics

Let k be a number field with r; real places and 7o complex places. Let ¢ be as in (3.11). By
Theorem 3.12, for $(v) and R(w) sufficiently large, the integral I(xo) = I(v,w) defined by (3.6) is

1 _
(5.1) I(v,w) = Z 5 / L(1—s+4wv,, f1®X) L(s, f2@x)Kxo(s, v, w, x)ds
x€Co,s R(s)=c

where Ko (s, v, w, x) is given by (3.9) and (3.10), and where the sum is over x € Co unramified
outside S and with bounded ramification, depending only upon f; and fs.

By Theorem 4.17, I(v,w) has meromorphic continuation to a region in C? containing v = 0,
w = 1. In particular, for f; = fo = f, then I(0,w) is holomorphic for R(w) > 11/18, except for
w = 1 where it has a pole of order r; + ro + 1.

We want to shift the line of integration to R(s) = % in (5.1) and set v = 0. To do so, we need
an analytic continuation and reasonable decay in |(s)| for the kernel function K (s, v, w, X).
In fact, for applications, we want precise asymptotics as the parameters s, v, w, x vary. By
the decomposition (3.10), the analysis of the kernel K (s, v, w, x) reduces to the corresponding
analysis of the local component I, (s, v, w, x,), for v|co. For v complex, the asymptotic formula
in [DG2| Theorem 6.2 suffices. For coherence, the simple computation is included which matches,
as it should, the local integral (3.9), for v complex, the integral (4.15) in [DG2].

Fix a complex place v. Every irreducible unitary representation of G Ly(C) is a principal series
representation (see [GJ], [GGPS]), and the spherical ones are spherical principal series. Recall that
any character y, of Z,\M, ~ C* has the form

Y,
Xu(mu) = |ZD’C2 + Z;ZU <ml, = (Z(;/ (1)> , t, € R, l, € Z)

Then, the local integral (3.9) at v is of the form

00 00 oo
ICI/(S) v, w, Xy) = / / / / / (’%‘2 + 1)*“’ eZWi'TrC/]R(all’elel—a2me’92)
0 0 C

-7 —T

. a%”H_Q‘S_QZtVKQWI (47ra1) a%s+2””_1K2mz (47’(&2) 6“”61 67%”02 d91d02 dz daidas

Replacing = by x/a;, we obtain

oo o0 T T 2w ) )
K:V(S, v, W, Xl/) = / / / / / ay 6271'i~Trc/R (zelel—%zel%)
Vlzl? + af
0 0 C —m—m7

. a%v—l—Zs—Zitl,K%‘ul (471'@1) ags+2itu_1K2iﬂ2 (47’(&2) eitv01g—itu02 df1dbs dx dadas
Upon further substituting

a1 =rcos¢ x1=rsingcosfd x9=rsingsinf as = ucosp
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with 0 < ¢ < 7 and 0 < 6 < 27, then

s
2 2T T 7

0o 0o
_ i i Let(0+01) o o et (0+02)
’CI/(S’ v, w, Xu) = / / / / / / (COS ¢)2w+2v 1 627TZ Tre/p(rsin ¢-e 1) —ysin ¢-e 2))
0 0 0 O

—TT —T

. ?"2“*1*28*2””K2m1 (47r cos @) u28+2““*1K2m2 (47w cos ¢) e*r¥1e= %2 sin ¢ dhydy dO do drr du

Using the Fourier expansion
[ee]
eit sinf __ § : Jk (t) eik@
k=—o00

we obtain

Bl

Ku(s, v, w, x,) = (27r)3///K2w1 (4mr cos @) Ko, (4mu cos ) Jy, (477 sin @) Jp, (4musin @)
000

dodrdu

X u2$+2it,,,r,2'u+272372it1, (COS ¢)2w+2v71 Sin(b
Tu

In the notation of [DG2], equation (4.15), this is essentially K, (2s + 2it,, 2v,2w). It follows that
K. (s,v,w,x,) is analytic in a region D : R(s) = 0 > § — €9, R(v) > —&o and R(w) > 3

1’ with a
fixed (small) g > 0, and moreover, we have the asymptotic formula

w

’CV(Sa v, w, XV) = 7T_2U+1A(U,’UJ,/.L1,/L2) : (1 + 63 + 4(t + tV)Q)i

52) N+ O <(\/1 +£g+4(t+ty)2)1>]

where A(v,w, p1, p2) is the ratio of products of gamma functions

(5.3)
g2w—20—4 LW+ v+ i +ip2)0(w + v —dpn + i) 0(w + v + i — ip2)T(w + v — ipn — iz
I'(2w + 2v)

For v real, the corresponding argument (including the integrals that arise from the (anti-)
holomorphic discrete series) is even simpler (see [DG1]| and [Zh2]). In this case, the asymptotic
formula of I, (s, v, w, x,) becomes

Ko (s, v, w, x) = Bv,w, g, py) - (L4 [t +1,]) "

(54) . 1 "’ Oo,v,w,,ul,,uQ ((1+|t+t1/|)1>:|

where

F( w+v+i2y,1 +ipo )F( w+v—i2;“ +ipo )F( w+v+i2u,1 —ip2 )F( w—l—v—iéul —if2 )
I'w + v)

B(U) w, K1, H2) = 2w—2 T’
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It now follows that for R(w) sufficiently large,
1 _

Since I(0,w) has analytic continuation to R(w) > 11/18, a mean value result can already be
established by standard arguments. For instance, assume f; = fo = f, and choose a function h(w)
which is holomorphic and with sufficient decay (in |J(w)|) in a suitable vertical strip containing
R(w) = 1. For example, one can choose a suitable product of gamma functions. Consider the
integral

1
(5.6) n I1(0,w) h(w) T dw
)

with L a large positive constant. Assuming h(1) = 1, we have the asymptotic formula

(5.7) T / L(3 +it, f @ )P - M, (t)dt ~ AT (logT)™"™
Xeao,s —00

for some computable positive constant A, where

1
(5.8) M, (1) = o / Koo(3 +it, 0, w, ) h(w) T* duw
’ T
RN(w)=L
For a character y € 60, put
(5.9) ko) =[] Q+lt+tl) - [ O+2+4¢+1)?)  (teR)
v=R v~C

where it, and ¢, are the parameters of the local component x, of x. Since x is trivial on the
positive reals,

> dyt, =0

v|oo

with d, = [k, : R] the local degree. For applications, it might be more convenient to work with a
slightly modified function Z(w) defined by

(5.10) Zw) = 3 /yL(;Ht,f@x)P-nx(t)—wdt
Xeao,s —00

obtained from the function (0, w) by taking just the main terms in the asymptotic formulas (5.2)
and (5.4) of the local components K, (s,0,w, x,). Its analytic properties can be transferred (with
some technical adjustments) from those of I(0,w). As an illustration of this fact, we show that
the right-hand side of (5.10) is absolutely convergent for #(w) > 1. Using the asymptotic formulae
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(5.2) and (5.4), it clearly suffices to verify the absolute convergence of the right-hand side of (5.5),
with f1 = fo = f, when w > 1.

To see the absolute convergence of the defining expression (5.5) for I(0,w), first note that the
triple integral expressing K, (s, v, w, x,) can be written as

(5.11) Ky (L +it, 0, w, x,) = / cos ¢)*sing - |V, 1y X (t, ¢)|* do (for v =~ C)
0
when v = 0 and R(s) = 3, where
(5.12) Vi, oox ( / w ) Koy, (dmucos §)J, | (4rusin ) du
0

Here we also used the well-known identity J_,,(z) = (=1)*J;, (z). The convergence of the last
integral is justified by 6.576, integral 3, page 716 in [GR]|. For v ~ R, the local integral (3.9)
has a similar form, when v = 0 and R(s) = 1/2, as it can be easily verified by a straightforward
computation.

The form of the integral (5.11) allows us to adopt the argument used in the proof of Landau’s
Lemma to our context giving the desired conclusion. We shall follow [C], proof of Theorem 6, page
115.

Choose a sufficiently large real number a such that the right-hand side of (5.5) is convergent at
w = a. Since I(0,w) is holomorphic for f(w) > 1, its Taylor series

(5.13) i IU)(O a)

7=0
1 i ‘
- %Z Z / IL(3 +it, f @ x)[* - KL (3 +t,0,a,X) dt
7=0 XGC\O,S —0o0

has radius of convergence a — 1. Using the structure of (5.11) and its analog at real places, we
have that A A
(w—a)’ - KY (1 +it,0,a,x) > 0 (for w < a)

Having all terms non-negative in (5.13) when w < a, we can interchange the first sum with the
second and the integral. Since

o

Koo(% +it,0,w,x) = Z IC(])( +1it,0,a,x)
7=0

the absolute convergence of (5.10) for R(w) > 1 follows.
Setting w = 1 + ¢, then for arbitrary T > 1,

> / IL(L +it, fRX)|>- T %dt < Z(1+¢) <. 1

x€Co,s 3,.(T)
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where J (T) = {t € R:x (t) < T}, and hence

(5.14) Z / IL(3 +it, f@x)[Pdt <. T

x€Cos 3 (1)

Only finitely many characters contribute to the left-hand sum. This estimate is compatible with
the convexity bound, in the sense that it implies for example that

:Q]+e

T
/ L(3 it )2 dt <. T
0

Therefore, the function Z(w) defined by (5.10) leads to averages of reasonable size suitable for
applications. We return to a further study of the analytic properties of this function in a
forthcoming paper.

Concluding remarks: The choice (3.11) of the data ¢, at archimedean places was made for
simplicity, to illustrate the non-vacuousness of the structural framework. Specifically, this choice
yields cogent asymptotics, and gives an averaging that is not too long, i.e., is compatible with the
convexity bound. This choice sufficed for our purposes, which were to stress generality, leaving
aside more technical issues necessary to obtain sharper results. Its use allowed quick understanding
of the size of the averages via the pole at w = 1.

The function I(v,w) in (5.1) is analytic for v in a neighborhood of 0 and $(w) sufficiently large,
from the analytic properties of Ko (s, v, w, x) in Section 5. By computing I (v, w) using (4.13), this
observation can be used to find the value of the constant x given in (4.7).

§Appendix 1. Convergence of Poincaré series

The aim of this appendix is to discuss the proofs of Proposition 2.6 and Theorem 2.7. Given
the lack of complete arguments in the literature, we have given a full account, applicable more
generally. For a careful discussion of some aspects of GL(2), see [GJ] and [CPS1]. Note that the
latter source needs some small corrections in the inequalities on pages 28 and 29.

We first prove the absolute convergence of the Poincaré series, uniformly on compacts on G,
for G = GLs over a number field k with ring of integers o, for ®(v) > 1 and R(w) > 1. Second, we
recall the notion of norm on a group, to prove convergence in L? for admissible data (see the end
of Section 2), also reproving pointwise convergence by a more broadly applicable method.

Toward our first goal, we need an elementary comparison of sums and integrals under mild
hypotheses. Let V1, ..., V, be finite-dimensional real vector spaces, with fixed inner products, and
put

V=VWVe..eoV, (orthogonal direct sum)

with the natural inner product. Fix a lattice A in V', and let F' be a period parallelogram for A
in V, containing 0. Let g be a real-valued function on V' with g(¢) > 1, such that 1/g has finite
integral over V, and is multiplicatively bounded on each translate £ + F', in the sense that, for each

§eA,

1 1
sup — < inf —— (with implied constant independent of &)
yeerr 9(y)  weetF g(y)
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For a differentiable function f, let V; f be the gradient of f in the V; variable. Then,

Sl < [ 15l + 3 s (o0 is(e))

£eA

with the implied constant independent of f.
The following calculus argument gives this comparison (Abel summation). Let vol(A) be the
natural measure of V/A. Certainly,

vol(d) -3 170 = S 1F©)]- /5 L

e EEA

and

£(6) /£+Fd:c - /€+F(f(£)—f(fv))d:c + [ f@)de

E+F

The sum over £ € A of the latter integrals is obviously the integral of f over V', as in the claim. The
differences f(§) — f(x) require further work. For i = 1,... ,n, let ; and y; be the V;—components
of x,y € V, respectively. Let
di(F) = sup |z; — yil
z,yeF
By the Mean Value Theorem, we have the easy estimate

n

F©) = F@)] < S di(F) - sup [Vif(y)]

i=1 yeetr

Then,

Z/ \dac<<ZZSup]Vf)\

geA ceA i—1 VESTE

Z 3 swp <(1 9W)|Vif(y > Z > ( sup )-(;ggg(y) IVif(y)I)

i=1 £€A YyEE+F i=1 €A y€§+Fg y

< /V gc(lz) : ZZ: sup (9()IVif(y)]) < Z sup (9(y)|Vif (v)])

yev P yev

This gives the indicated estimate.

The above estimate will show that the Poincaré series with parameter v is dominated by the
sum of an KEisenstein series at v and an Eisenstein series at v + 1 + ¢ for every € > 0, under
mild assumptions on the archimedean data. Such an Eisenstein series converges absolutely and
uniformly on compacts for #(v) > 1, either by Godement’s criterion, in classical guise in [B], or
by more elementary estimates that suffice for GLy. Thus, the Poincaré series converges absolutely
and uniformly for %(v) > 1.

The assumptions on the archimedean data

o) = o (1 7)
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are that

| 1ol <+
and, letting V,, be the gradient along the summand k, of ko, that, for each v|oco,

sup |V, (&) < o
€k

The comparison argument is as follows. To make a vector from which to form an Eisenstein series,
left-average the kernel

® ((a d) (1 T)) = |a/d|" - ®(x) (extended by right K,—invariance)
for the Poincaré series over Nj. That is, form

(9) = D 9(B-9

BEN}

3SX

This must be proven to be dominated by a vector (or vectors) from which Eisenstein series are
formed. The usual vector for standard spherical Eisenstein series is

0 (") = lasar

extended to G by right Kj—invariance. We claim that
(,5 < Ny + Mot1+4e (fOI" all e > 0)

Since all functions ¢, ¢ and 7y are right K,—invariant and have trivial central character, it suffices
to consider g = nh with n € N and

()

elng - moh) = @(h-hnenah) = @(h-h™'nerah) = lyl” - @ (- (€ +2))

Let

We have

Thus, to dominate the Poincaré series by an Eisenstein series, it suffices to prove that

Z ) (% . (§+x)> <1+ |y (uniformly in & € Ny, y € I)
=

Since @ is left Ni—invariant, it suffices to take x € A to lie in a set of representatives X for A/k,
such as

X = koo/o @ ], c0o0 00
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where, by abuse of notation, ks /0 refers to a period parallelogram for the lattice 0 in ks. As ¢
and @ are left Hy—invariant, so we can adjust y in J by k*. Since J'/k* is compact, we can choose
representatives in J for J/k* lying in C” - (0, +o0) for some compact set C' C J!, with (0, 4+00)
embedded in J as usual by

t— (tl/”, AL A VAL TS PR PO J) (non-trivial entries at archimedean places)

where n = [k : Q]. Further, for simplicity, we may adjust the representatives y such that |y|, <1
for all finite primes v. The compactness of C’ implies that

Wyl < ILje lwely < 1yl (with implied constant depending only on k)

Likewise, due to the compactness, the archimedean valuations of representatives have bounded
ratios.

At a finite place, @, (% (r+¢& )) vanishes unless

;-(ﬂc+£)€oy

That is, since we want a uniform bound in z € 0,, this vanishes unless
Ee€eo,+y-0,Coy,

since we have taken representatives y with g, integral at all finite v. Thus, the sum over £ in k
reduces to a sum over £ with archimedean part in the lattice A = 0 C k.
Setting up a comparison as above, let

V =ke = Pk
v|oo

Let vol(A) be the volume of A. For archimedean place v let V, be the gradient along k,, and
d,(A) the maximum of |z, —y, |, for z,y € F, a fixed period parallelogram for A in k.. We have

Yooiern) < | (v ) e+ > (s10)- 19000

for any suitable weight function ¢g. In the integral, replace £ by £ — x, and then by £ -y, to see that

| o (Boerm)ae = o [ 0ni©de < bl [ @@t

e} [eS} oo

with the implied constant depending only upon k, using the choice of representatives y for J/k*.
To estimate the sum, for x € k4, fix € > 0 and take weight function

9() = Tyjo (L +1E[2)2*

This is readily checked to have the multiplicative boundedness property needed: the function g is
continuous, and for || > 2|z|, we have the elementary

1oe) < le—zf < 2-f¢
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from which readily follows the bound for g(§).
What remains is to compute the indicated supremums with attention to their dependence on y.
At an archimedean place v,

sup (9(6)- 1V, @, (£-(+2))1) = swp (g(6—2)- [V, @, (£-¢)1)

€k £€koo

< £Sup (g(f) V@, (% 'f) |)

[}

by using the boundedness property of g. Then replace £ by & -y, to obtain

sup (g(y - &) - Vo @y (§)])

‘Eekoo

Since
(I+yl2IElZ) < A+ 1yl2) - 1+ [€2) (for all v|oo)

we have g(y - &) < g(y) - 9(§), and

sup (g(y : é-) ' ‘qu)u(fm < g(y) + sup (g(é-) ' ‘vuq)u(f)o
£€koo (€koo

Here the weighted supremums of the gradients appear, which we have assumed finite.
Finally, estimate

gw) = [T A+

v|oo

with y in our specially chosen set of representatives. For these representatives, for any two
archimedean places 11 and 1o, we have

n, ny
[yl < lyly,?

where the n,, are the local degrees n,, = [k,, : R]. Therefore,
lyly < ly|™/"

where n =) n, is the global degree. Thus,
[Ta+wk) < 1+y?
v|oo

Then,
[Ta+R)ete < (1+yP)ete

v|oco

Putting this all together, for every e > 0

- * 1 * *
gp(% 1> < Jyl” A+ [yl*)2 ™ = fyl” + [y =, (g 1) + st <g 1>

which is the desired domination of the Poincaré series by a sum of Eisenstein series.



INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS 33

For the particular choice of archimedean data

1 1
= Il mramr U ogge

v=R v=C

the integrability condition is met when R(w,) > 1 for all archimedean v. Similarly, the weighted
supremums of gradients are finite for R(w,) > 1.

Altogether, this particular Poincaré series is absolutely convergent for R(v) > 1 + 2¢ and
R(w,) > 1+ ¢, for every € > 0. This proves Proposition 2.6.

Soft convergence estimates on Poincaré series: Now we give a different approach to convergence,
more convenient for proving square integrability of Poincaré series. It is more robust, and does also
reprove pointwise convergence, but gives a weaker result than the previous more explicit approach.
Let G be a (locally compact, Hausdorff, separable) unimodular topological group. Fix a compact
subgroup K of G. A norm g — ||g|| on G is a positive real-valued continuous function on G with
properties

o llgl =1 and [lg7"| = g

o Submultiplicativity: ||ghl|| < ||g - ||h|

o K—invariance: for g € G, k € K, ||k-g| = |lg- k|l = ||9]|
o Integrability: for some g, > 0

/ llgl| =7 dt < +o0 (for all o > 0,)
G

For a discrete subgroup I' of G, we claim the corresponding summability:

D

~yeTl

|| || < +o0 (for all o > 0y)
;y g

The proof is as follows. From
Iy - gl < [V~ llgll

for o >0
1 1

<
A7 Nlgll = My - gl
Invoking the discreteness of I' in G, let C' be a small open neighborhood of 1 € G such that

cnr = {1}
Then,
dg / / 1 / dg
= dg < < +oo
/c gl 2 H'yH” Z [lv-gll” gH” ; v llgll® c llgll7

This gives the indicated summability. Let H be a closed subgroup of GG, and define a relative norm

— inf |h-
gl pJof Ih- gl
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From the definition, there is the left H N I'-invariance
17 gl = Nlgll (for all h € HNT)
Note that || ||,, depends upon the discrete subgroup I

Moderate increase, sufficient decay: Let H be a closed subgroup of G. A left H N I'-invariant
complex-valued function f on G is of moderate growth modulo H N T, when, for some o > 0,

[F (@)l < llgll5,
The function f is rapidly decreasing modulo H N T if
[F (@)l < llgll,” (for all o > 0)
The function f is sufficiently rapidly decreasing modulo H N T (for a given purpose) if
If(9)l < lgll,° (for some sufficiently large o > 0)

Since ||g||,, is an infimum, for o > 0 the power ||g||~7 is a supremum

1 1

= sup
HQH?J nernr ||hg|®

Pointwise convergence of Poincaré series: We claim that, for f left H NI'-invariant and sufficiently
rapidly decreasing mod H NT', the Poincaré series

Pi(g) = Y. f(r-9)

yE(HND)\T

converges absolutely and uniformly on compacts. To see this, first note that, for all h € HNT,

Vil < WAl = Nhvg g7t < kgl - g™l

Thus, taking the inf over h € H N T,

[l
—i7 < llv-4ll
gl "
Thus, for o > 0,
o
Ll

v -gllg, = [vl9

and

Plg) = S f) < Y < Y

YE(HNT)\T yE(HND)\T - gl yE(HND\T 1717

- 1 - 1 -
< [lgl|”- Z Z e = llgll Z IEIE < gl (for o > 0,)

~yE(HNT)\I' he HNT yer
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estimating a sup of positive terms by the sum, for ¢ > o, to assure that the sum over I' converges.

Moderate growth of Poincaré series: Next, we claim that Poincaré series are of moderate growth
modulo I', namely, that
Ps(g) < lgll? (for all o > 0,)

Indeed, the previous estimate is uniform in g, and the left-hand side is I'-invariant. That is, for
all vy e T,

P(g) = Pr(v-9) < |lv-gll° (for all o > o, with implied constant independent of g, )

Taking the inf over ~ gives the assertion.

Square integrability of Poincaré series: Next, we claim that for f left HNI'-invariant and sufficiently
rapidly decreasing mod H NT', Py is square-integrable on I'\G. Specifically, assume that

fl9)] < |gI7% (for some o > 0,)

Unwind, and use the assumed estimate on f along with the above-proven moderate growth of the
Poincaré series:

/ Py = / 1P < / 19112 - lgl1%. dg
Ye! (HND)\G (HND)\G

Estimating a sup by a sum, and unwinding further,
[ lalas < f S gl = [l dg < +oo
(HNT)\G (HODNG e (AT G
since o > o,. This proves the square integrability of the Poincaré series.

Construction of a norm on PGL2(A): We want a norm on G = PGLy(A) over a number field &k
that meets the conditions above, including the integrability, with K the image in PG Lo(A) of the

maximal compact
H O2(R) x H U(2) x H GLs(0,)

v~R v~C v<oo

of GLy(A). We take I" to be the image in PG Ly(A) of GLo(k). Let g be the algebraic Lie algebra
of GLs over k, so that, at each place v of k,

g, = {2-by-2 matrices with entries in k, }
Let p denote the Adjoint representation of GLy on g, namely,

! (for g € GLy and x € g)

plg)(x) = gxg~
The kernel of p on GGLs is the center Z, so the image G of GLy under p is PGLy. As expected, let

G, = p(GLa(ky,)) = GLa(ky)/Z, K, = p(GL3(0,)) = GL3(0,)/(Z, N GL3(0,))
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and
I' = Gy, = p(GLy(k)) = GLa(k)/Zx

Since I' is a subgroup of GL(gx), it is discrete in the adelization of GLg(gk), so is discrete in Gj.
Let {e;;} be the 2-by-2 matrices with non-zero entry just at the (i, )™ location, where the entry
is 1.

At an archimedean place v of k, put a Hilbert space structure on g, by

(z,y) = tr(y*=)

where y* is y—transpose for v real, and y—transpose-conjugate for v complex. We put the usual
(sup-norm) operator norm on linear operators T on g,, namely

Tl = sup |T'x|
joI<1

By design, since the inner product on g, is p(K, )-invariant, this operator norm is invariant under
p(K,). Note that at complex places this set-up effectively uses a classical normalization of the
absolute value on C, rather than the product-formula normalization.

For a non-archimedean local field k£ with norm | - |, and ring of integers o, give g, the sup-norm

aii €| = suplai;il, with a;; v
‘Ez] J J| o | ]| ( th ]Ek)
ij

There is the operator norm on GLy, (g,) given by

9l = sup |g-x
z€eV, |z|<1

By design, this norm is invariant under p(K,).

Norms on local groups and adele groups: For any place v of k, define a (local) norm ||g||, on the
image G, = PGLa(k,) of GLa(k,) in GLg,(g,) by

lgll, = max{lgla, 197" |op}

Since the norm on g, is K,—invariant, and K, is stable under inverse, the operator norms are left
and right K, —invariant, and the norms || ||, are left and right K, —invariant. Note that for v < co
the operator norm is 1 on K,,. To prove that

lg - il < llgll - 1R[],

use the definition:
lg - hll, = max{|ghlep, [h™ g |op}

< max{|g|0p ) |h|0p7 |9_1|0p ’ |h_1|0p} < max{|g|op, |9_1|0p} : max{]h]op, |h_1|0p} = llgll - [Ihll.

For g = {g,} in the adele group Gy, let
lgll = TL, llgvlo

The factors in the product are 1 for all but finitely many places. The left and right K—invariance
for K =[], K, follows from the local K, -invariance. Invariance under inverse is likewise clear.
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Integrability: Toward integrability, we explicitly bound the local integrals

/ 9l dg
G

v

At finite primes, use the p—adic Cartan decomposition (here just the elementary divisor theorem)
inherited from GLy(k,) via the quotient map, namely,

G, = |_| K, 0-K, (where A, is diagonal matrices)
6€A,/(ALNZ,K)L)

By conjugating by permutation matrices and adjusting by Z,, we may assume, further, that

5= (51 1) (with [5,] > 1)

For any choice w, of local parameter for k,, we may adjust by A, N K, so that §; is a power of
w. On a given K, double coset, the norm is

1Ky 0+ Koyl = 1I6]l, = max{|p(d)lap, [(67 )lep} = max{|di]u, |61]5"}

and
meas (K, 0K,) = meas (K,) - card(K,\K,0K,)

Let ¢ = g, be the residue field cardinality, and let |§|, = ¢° with £ > 0. Then,
card K,\K, 0K, = card (K, N6 'K, 0)\K, < card K,({)\K,

where K, (¢) is a sort of congruence subgroup, namely,

K, (0) = {(‘CL Z)eKU : cEwe'oy}

Let K|, = {g € K, : g = I, mod wo}, and let F; be the finite field with ¢ elements. We have an
elementary estimate

K, : K,(1)] = M = card{lines in F2} = 1 __ L_ qg+1
and
Ko(0) : Ko(0+1)] = g (for £ > 1)
Thus,
K, Ko (0)] < (1+ ;) ! (for £ > 1)

Thus, the integral of ||g||;; ¢ has an upper bound

/ Y < 1+(1+;)Zq“"’-q£ < 1+<1+;)Z(q1—0)f
G

Tl = 2
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For o > 1, the geometric series converges. Thus,

<141+ = =
el e I B el ey gy

/ dg 1 ql—a 1 + q—a 1— q—2a
G
Note that there is no leading constant.

The integrability condition on the adele group can be verified by showing the finiteness of the
product of the corresponding local integrals. Since there are only finitely many archimedean places,
it suffices to consider the product over finite places. By comparison to the zeta function of the
number field k,

| | L=, < o0 (for o > 2)
—0 l1-0o o
pooe 1=a 7)1 —q™7)

Thus, letting G, be the finite-prime part of the idele group Gy,

d d
/ gg = H / ga < 400 (for o > 2)
SN IS S A

For integrability locally at archimedean places, exploit the left and right K,—invariance, via
Weyl’s integration formula. Let A, be the image under Ad of the standard maximal split torus
from GLy(k,), namely, real diagonal matrices. Let ®* = {a} be the singleton set of standard

positive roots of A, , namely
a (a1 > — ay/as
az

g be the a—rootspace, and, for a € A,, let

D(a) = |a(a) — a~(a)|dim= 9o

with the classical absolute value on C (not the product formula normalization). The Weyl formula
for a left and right K,—invariant function f on G, is

/G So)dg = /A D) - f(a) da

with Haar measure on A,. For PG Ly, the dimension dim, g, is 1 for £, ~ R and is 2 for k, ~ C.
The norm of a diagonal element is easily computed via the adjoint action on g,, namely

lall, = max{|ai/az|, |az/a1l}
with the classical absolute values on R or C. Thus,
D(a) < |al|% (with d, = [k, : R])

Thus, the integral over PG Ly (k,) is dominated by a one-dimensional integral, namely,

d D o dt
/ g :/ Dla) 4, <</ (max([t], [£| )%~ % (with dy = [k, : R])
e, l9llg 4, llallg 0 t
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The latter integral is estimated by

/X(max(]a;\, lz|~H P de = /||<1(|x]_1)_6 dx +/ lz| P dz < +oo (for 5> 1)

lz[>1

v

for v either real or complex. Note that the norm is that occurring in the product formula. This
gives the desired local integrability for ¢ > 2 at archimedean places, and completes the proof of
global integrability. That is, we can take o, = 2.

Poincaré series for GLy: Recall the context of Sections 2 and 3. Let G = GL2(A) over a number
field k, Z the center of GLs, and K, the standard maximal compact in G,,. Let

v=q )y =G

To form a Poincaré series, let ¢ = @), ., where each ¢, is right K, -invariant, Z,-invariant, and

on G,
e (") 1) = e au

where at finite primes ®, is the characteristic function of the local integers o0,. At archimedean
places, we assume that ®, is sufficiently continuously differentiable, and that these derivatives are
absolutely integrable. The global function ¢ is left My—invariant, by the product formula. Then,
let

flg) = | ¥(n)e(ng)dn

Ny

where 9 is a standard non-trivial character on Np\Ny ~ k\A. As in (4.6), but with slightly
different notation, the Poincaré series of interest is

P&(g) = Y. f(v-9)

YEZK Np\Gi

Convergence uniformly pointwise and in L?: From above, to show that this converges absolutely
and uniformly on compacts, and also that it is in L?(Z,Gr\Ga), use a norm on the group
PGLy = GLy/Z, take I' = PG Ly (k), and show that f is sufficiently rapidly decreasing on PG La(A)
modulo Nj,.

To give the sufficient decay modulo Ny, it suffices to prove sufficient decay of f(nm) for n in a
well-chosen set of representatives for N\ Ny, and for m among representatives

()

for My/Zy. For m € My and n € Ny, the submultiplicativity ||[nm|| < ||n| - |m| gives

1 _ !
[nfle - flmlle = [jnml|”

(for o > 0)
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That is, roughly put, it suffices to prove decay in Ny and M, separately. Since Ni\Ny has a set
of representatives E that is compact, on such a set of representatives the norm is bounded. Thus,
it suffices to prove that

f(nm) < HmlH" (forneE, and m = <a 1>)

Since f factors over primes, as does ||m/||, it suffices to give suitable local estimates.
At finite v, the v*" local factor of f is left 1—equivariant by N,, and

fy(nm) = w(n)’/N (') oy (W'm) dn’ = w(n)'/N $(n) u(m - m™n'm) dn’

- ¢«n>-uwy-j£ Dolaz) al? - @, (z) dx

where for finite v @, is the characteristic function of the local integers, and

oV ) =@ m= ()

|fu(nm)| = Ialf(v)+1'/,€ bolaz) B, (x) dz = [a [ - D, (a)

Thus,

At every finite place v, ®, has compact support, and at almost every finite v, @V is simply the
characteristic function of 0,,. Thus, almost everywhere,

D+ § 19y~ (R@)+D) (R
o (nm)| < [a]FF D, (a) < (max{|al,, |al,'}) — [|mls®@+D

At the finitely many finite places where d is not exactly the characteristic function of o,, the same
argument still gives the weaker but sufficient estimate

\f,,(nm)\ < ’a’??(v)+1 . EI\)V(CL) < (max{]a\y, ’a’;1}>—(§ﬁ(v)+1) _ ”mH;(éR(v)Jrl)
Thus, we have the finite-prime estimate

1 Ifo(nm)| < T |m]||; R@+D

v<oo v<oo
From above, the sufficient decay condition for square integrability is
Rw)+1 > 200 = 4
so we need R(v) > 3.

At archimedean places, given £ > 0, for ®, sufficiently differentiable with absolutely integrable
derivatives, ordinary Fourier transform theory implies that

@, (a)] < (L+]a],) ™"



INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS 41

Thus, from the general local calculation above,

R ]l D (for [al, < 1)
[fo(nm)| = [alZOH B, (a) < [afOF (1 +al,) ™ <

(£=R(v)—1)

[lmlf. (for |al, > 1)

Thus, for sufficient decay for square-integrability, we need
Rw)+1 > 200 = 4
or R(v) > 3, the same condition as from the finite-prime discussion. Further, we need
C—RMw)—1 > 200 = 4

which is £ > R(v) + 5.

In summary, for ®(v) > 3 and ¢ > R(v) + 5, the function f has sufficient decay so
that the associated Poincaré series Pé* = P; converges uniformly on compacts, and is in
L?(ZyGLa(k)\GL2(A)). This proves Theorem 2.7.

§Appendix 2. Mellin transform of Eisenstein Whittaker functions

The computation discussed in this appendix was needed in the proof of Proposition 4.10. While
the details of this computation are given below, we also cite [W2], Chapter VII, for standard facts
about the Tate-Iwasawa theory of zeta integrals.

The global Mellin transform of W¥ factors

) E a 0 o v E a 0
/ﬂ\a| Ws,x(() 1>da = l:I/k; ‘a‘vws,xw(() 1>da

To compute this, we cannot simply change the order of integration, since this would produce a
divergent integral along the way. Instead, we present the vectors 7, in a different form. Let ®, be
any Schwartz function on k2 invariant under K, (under the obvious right action of GLs), and put

0) = xo(detg) | det gl - [ xEOE Dt o)

v

where ey = e, is the second basis element in k;,% This 7], has the same left P,—equivariance as

Ty, namely
i (5 0)-9) = lerd o/ o

For &, invariant under the standard maximal compact K, of GLy(k,), the function 7, is right
K, —invariant. By the Iwasawa decomposition, up to constant multiples, there is only one such
function, so

m,(9) =m,(1) - 1(g) (since 7, (1) = 1)
and!
m, (1) = / X2(t) [t* - D(t- e - 1) dt = (25, X2, ®(0, %)) (a Tate-Iwasawa zeta integral)
kS

IFrom now on, to avoid clutter, suppress the subscript v where there is no risk of confusion. For instance, we
shall write | - |, ¥, X, etc., rather than |- |., ¥., xv, etc.
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Thus, it suffices to compute the local Mellin transform of

) WEy o) = [ ) wamm)dn = x@laf* [ F) [ O (1o wonm) dedn

_ X(a)|a]3/ky () /k N2 ()2 @ (t, ta) di da <with m = (g ?))

At finite primes v, we may as well take ® to be
®(t,z) = ch,, () - ch,, (2) (chx = characteristic function of set X)
Then 7,,(1) is exactly an L—factor (see [W2], page 119, Proposition 10)
m,(1) = G (25, x*, cho, ) = Ly(2s, X*)
and (for further details see [W2], page 107, Corollary 1, and page 108, Corollary 3),
0 WE (5 1) = x@ial [ Bt ) [ O o, (ta) dt i

v

_X(a)\a|smeas(ol,)/ chos (1/Ox (O]~ cho, (ta) dt
K
= 02 x(@ll® [ cheg (O e, ()

where 0, € kX is such that (0%)~! =0, - 0,. We can compute now the Mellin transform

/k;; la]” - <X<a)‘a|s/k; chos (1/6)X2 ()|t~ ch, (ta) dt) da

Replace a by a/t, and then ¢ by 1/t to obtain a product of two zeta integrals

(1ot x@lof et t@yda) - ([ chiga/onione at)

v v

- CV(U + s, X Cho,/) : Cu(v +1- S, Y, Chozfi)

= Ly(v+5,x)  Lu(v+1-5%) [o,["""x(,)
Thus, dividing through by 7/,(1) and putting back the measure constant, the Mellin transform
of WE i

sxu

v a 0 LV(’L)—I—S,X)‘L(U—i‘l ) v s
/kx " Waw (0 1> da =1 L, (25, X?) L

Let 0 be the idele whose v*" component is 0, for finite  and whose archimedean components
are all 1. The product over all finite primes v of these local factors is

0 Lv+s, x) Lo+1—-5X) (41—
UWE a da = 1/2 . ’ ) . (v+1—3)
Jogarwe (5 ) da=pol e P19 4 (o)
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In our application, we will replace s by 1 — s and x by X, giving

L 1—s,%) L
/ laf” WlE—s . <a 0) da = |D|1/2 . (v+ s, X) 7(21) +5, X) ) |D|_(v+5) ()
gon A0 L(2 - 25, X°)

In particular, with y trivial,

v E a 0 _ 1/2.Ck(’l)+1—8)'<k(v—|—8) . —(v+s)
[oarwe (5 0) da=pl et

REFERENCES
[Ar] J. Arthur, The Selberg trace formula for groups of F—rank one, Ann. of Math. 100 (1974), 326-385.
[At] F.V. Atkinson, The mean value of the Riemann zeta function, Acta Math. 81 (1949), 353-376.
[BR] J. Bernstein and A. Reznikov, Analytic continuation of representations and estimates of automorphic

forms, Ann. of Math. 150 (1999), 329-352.

[Ba] W. Banks, Twisted Symmetric-square L—functions and the non-existence of Siegel zeros on GL(3),
Duke Math. J. 87 (1997), 343-353.

[B] A. Borel, Introduction to automorphic forms, Algebraic Groups and Discontinuous Subgroups, Proc.
Symp. Pure Math. 9, AMS, Providence, 1966, pp. 199-210.

[BM1] R. W. Bruggeman and Y. Motohashi, Fourth power moment of Dedekind zeta-functions of real quadratic
number fields with class number one, Funct. Approx. Comment. Math. 29 (2001), 41-79.

[BM2] R. W. Bruggeman and Y. Motohashi, Sum formula for Kloosterman sums and fourth moment of the
Dedekind zeta-function over the Gaussian number field, Funct. Approx. Comment. Math. 31 (2003),
23-92.

C] K. Chandrasekharan, Introduction to analytic number theory, Die Grundlehren der mathematischen

Wissenschaften, Band 148, Springer-Verlag New York Inc., New York, 1968.

[CPS1] J. Cogdell and 1. Piatetski-Shapiro, The arithmetic and spectral analysis of Poincaré series, Academic
Press, 1990.
[CPS2] J. Cogdell and I.Piatetski-Shapiro, Remarks on Rankin-Selberg convolutions, Contributions to

Automorphic Forms, Geometry, and Number Theory (Shalikafest 2002) (H. Hida, D. Ramakrishnan,
and F. Shahidi, eds.), Johns Hopkins Univ. Press, Baltimore, 2005, pp. 255-278.

[DG1] A. Diaconu and D. Goldfeld, Second moments of GL2 automorphic L—functions, Proc. of the Gauss-
Dirichlet Conference, Gottingen 2005 (to appear).

[DG2] A. Diaconu and D. Goldfeld, Second moments of quadratic Hecke L—series and multiple Dirichlet series
I, Multiple Dirichlet Series, Automorphic Forms, and Analytic Number Theory, Proc. Symp. Pure Math.
75, AMS, Providence, 2006, pp. 59-89.

[DGG1] A. Diaconu, P. Garrett and D. Goldfeld, The function Zs(w) has a natural boundary, 6 pages, preprint,
2006.

[DGG2] A. Diaconu, P. Garrett and D. Goldfeld, Integral Moments for GL., in preparation.

[DGH] A. Diaconu, D. Goldfeld and J. Hoffstein, Multiple Dirichlet series and moments of zeta and L-
functions, Comp. Math 139 (2003), 297-360.



(GJ]

[GGPS]

[Gol]

[Go2]

(G1]

(G2]

[GR]

[Ha-Li]

(HB]

(HL]

[HR]

(1

[LIM]

[JL]

[J1]

[J2]

(K]

ADRIAN DIACONU PAUL GARRETT

H. Donnelly, On the cuspidal spectrum for finite volume symmetric spaces, J. Diff. Geom. 17 (1982),
239-253.

S. Gelbart and H. Jacquet, Forms of GL(2) from the analytic point of view, Automorphic Forms,
Representations, and L—functions, Proc. Symp. Pure Math. 33, AMS, Providence, 1979, pp. 213-254.

I. M. Gelfand, M. I. Graev and I. I. Piatetski-Shapiro, Representation theory and automorphic functions,
Saunders, Philadelphia, 1969. Translated from 1964 Russian edition.

R. Godement, The decomposition of L*(I'\G) for I' = SL(2,7), Algebraic Groups and Discontinuous
Subgroups, Proc. Symp. Pure Math. 9, AMS, Providence, 1966, pp. 211-224.

R. Godement, The spectral decomposition of cuspforms, Algebraic Groups and Discontinuous
Subgroups, Proc. Symp. Pure Math. 9, AMS, Providence, 1966, pp. 225—234.

A. Good, The square mean of Dirichlet series associated with cusp forms, Mathematika 29 (1982),
278-295.

A. Good, The Convolution method for Dirichlet series, The Selberg trace formula and related topics,
(Brunswick, Maine, 1984) Contemp. Math. 53, American Mathematical Society, Providence, RI, 1986,
pp. 207-214.

I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, fifth edition, Academic
Press, New York, 1994.

G. H. Hardy and J. E. Littlewood, Contributions to the theory of the Riemann zeta-function and the
theory of the distributions of primes, Acta Mathematica 41 (1918), 119-196.

D. R. Heath-Brown, An asymptotic series for the mean value of Dirichlet L—functions, Comment. Math.
Helv. 56-1 (1981), 148-161.

J. Hoffstein and P. Lockhart, Coefficients of Maass forms and the Siegel zero, Ann. of Math. 140
(1994), 161-181.

J. Hoffstein and D. Ramakrishnan, Siegel zeros and cuspforms, Int. Math. Research Notices 6 (1995),
279-308.

A. E. Ingham, Mean-value theorems in the theory of the Riemann zeta-function, Proceedings of the
London Mathematical Society 27 (1926), 273—-300.

A. Tvic, M. Jutila and Y. Motohashi, The Mellin transform of powers of the zeta-function, Acta Arith.
95 (2000), 305-342.

H. Jacquet and R. P. Langlands, Automorphic forms on GLz2, vol. 114, Lecture Notes in Mathematics,
Springer-Verlag, Berlin and New York, 1971.

H. Jacquet, Automorphic forms on GL2, volume II, vol. 278, Lecture Notes in Mathematics, Springer-
Verlag, Berlin and New York, 1972.

M. Jutila, Mean values of Dirichlet series via Laplace transforms, London Math. Soc. Lect. Notes Ser.
247 (1997), Cambridge Univ. Press, 169-207.

M. Jutila, The Mellin transform of the fourth power of Riemann’s zeta-function, Ramanujan Math.
Soc. Lect. Notes Ser. 1, Ramanujan Math. Soc. (2005), 15-29.

H. Kim, On local L—functions and normalized intertwining operators, Canad. J. Math. 57 (2005),
535-597.

H. Kim and F. Shahidi, Cuspidality of symmetric powers with applications, Duke Math. J. 112 (2002),
177-197.



(L]

[LV]

[MW]

(M1]

[M2]

[M3]

[M4]

[Pe—Sal

[S1]

[S2]

[T]

(Wi1]
(W2]

[Zal]

[Zh1]

[Zh2]

INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS 45

R. P. Langlands, On the functional equations satisfied by FEisenstein series, vol. 544, Lecture Notes in
Mathematics, Springer-Verlag, Berlin and New York, 1976.

E. Lindenstrauss and A. Venkatesh, Eristence and Weyl’s law for spherical cusp forms, GAFA (to
appear), preprint arXiv:math.NT /0503724 v 1 (31 May 2005).

C. Moeglin and J. L. Waldspurger, Spectral Decompositions and FEisenstein series, Cambridge Univ.
Press, Cambridge, 1995.

Y. Motohashi, An explicit formula for the fourth power mean of the Riemann zeta- function, Acta
Math 170 (1993), 181-220.

Y. Motohashi, A relation between the Riemann zeta-function and the hyperbolic Laplacian, Ann. Scuola

Norm. Sup. Pisa Cl. Sci. (4) 22 (1995), 299-313.
Y. Motohashi, Spectral theory of the Riemann zeta function, Cambridge Univ. Press, Cambridge, 1997.

Y. Motohashi, The mean square of Dedekind zeta-functions of quadratic number fields, Sieve Methods,
Exponential Sums, and their Applications in Number Theory: C. Hooley Festschrift (G. R. H. Greaves
et al., ed.), Cambridge Univ. Press, Cambridge, 1997, pp. 309-324.

Y. Petridis and P. Sarnak, Quantum unique ergodicity for SLa(O)\H?® and estimates for L—functions,
J. Evol. Equ. 1 (2001), 277-290.

A. Reznikov, Rankin-Selberg without unfolding and bounds for spherical Fourier coefficients of Maass
forms, Jour. AMS 21-2 (2008), 439-477.

P. Sarnak, Fourth moments of Grossencharakteren zeta functions, Comm. Pure Appl. Math. 38 (1985),
167-178.

P. Sarnak, Integrals of products of eigenfunctions, IMRN (1994), 251-260.

E. C. Titchmarsh, The theory of the Riemann zeta-function. Second edition. (D. R. Heath-Brown, ed.),
The Clarendon Press, Oxford University Press, New York, 1986.

A. Weil, Adeles and algebraic groups, Progress in Mathematics 23 (1982), Birkhduser, Boston, Mass.
A. Weil, Basic number theory, Springer-Verlag, Berlin-Heidelberg-New York, 1995.

N.I. Zavorotny, Automorphic functions and number theory, Part I, II (Russian), Akad. Nauk SSSR,
Dal’nevostochn. Otdel., Vladivostok (1989), 69—124a, 254.

Q. Zhang, Integral mean values of modular L—functions, J. Number Theory 115 (2005), 100-122.

Q. Zhang, Integral mean values of Maass L—functions, IMRN, Art. ID 41417, 19 pp. (2006).

ADRIAN DIACONU, SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN 55455
E-mail address: cad@math.umn.edu

PAUL GARRETT, SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN 55455
E-mail address: garrett@math.umn.edu



